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Fine structure of quarkonium in the covariant harmonic-oscillator quark model
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A general formula relating the *P>-3P, and 3P,-’Po fine-structure splittings in quarkonium is
derived within the context of the covariant harmonic-oscillator quark model. The unique feature
of the formula is its ability to predict the fine-structure splittings for uiz(dd), s5, cZ, bb, and 1
with only one essentially free parameter. Overall agreement with experiment is reasonably good.

The relativistic harmonic-oscillator model' is based on a
mass-squared operator, where internal quark motion is
described by a four-dimensional oscillator potential. The
unperturbed square of the mass, M l=4+Naw, rises
linearly with the internal quantum number (N =0,1,
2,3,...), where the Regge slope determines the binding
spring constant . Normalizable covariant-oscillator wave
functions have been constructed, restricting timelike oscil-
lations to a ground-state Gaussian in the relative-time
coordinate;2 and covariant oscillators have been applied to
nucleon electromagnetic form factors,>* —g4/gy,> hadron
decays,®” and other processes.®

Shortly after the appearance of the chromodynamic
one-gluon-exchange mechanism of De Rujula, Georgi, and
Glashow,’ Kim proposed a covariant one-gluon-exchange
formalism'® using relativistic-oscillator wave functions.
The covariant model'® employs a real gluon propagator!'!
formed from a symmetrization of retarded and advanced
Green’s functions. Quark spin is incorporated through
projection operators.®!® A relativistic Fermi-Breit formu-
la is produced without making the usual static nonrela-
tivistic approximation, and an encouraging result is found
relating the meson and baryon nonstrange hyperfine split-
tings.!?

Interest in P-wave meson mass spectra was heightened
during the early work on charmonium. Schnitzer'?
demonstrated that a nonrelativistic potential having a
Coulomb and linear component with a Lorentz-vector
character bounds the ratio of the 3P,-3P, and 3P,-*P,
splittings: 0.8 <R < 1.4, where

R=[MCP)—MCP)I/IMCP,)—MCP)] . (1)

The lower bound corresponds to a purely Coulombic in-
teraction, while the upper bound represents a completely
linear potential. The range of R does not include the ex-
perimental value for charmonium, R, =0.48 +0.01.!* A
general power law V(r)=Ar" (n=—1, n=0) with a
Lorentz-vector structure'® likewise does not fit the data
since the calculated value is R =[2(13+n)1/[5(5 —n)].

In order to obtain lower values of R to fit the charmoni-
um spectrum, a Lorentz-scalar feature was introduced'$
and a quark-gluon anomalous color moment considered.!’
Subsequently, a variety of models'® has appeared incor-
porating scalar confining terms. Other approaches'®%®
have also met with a degree of success in fitting quarkoni-
um spectra. However, these models either focus on heavy
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quarkonium systems or introduce several free parameters
in attempting to produce a more complete spectroscopy
that fits experimental data.

The covariant harmonic-oscillator model presents a uni-
fied picture of both heavy- and light-quarkonium fine
structure with one free parameter: the relative mixing of
Lorentz-scalar and -vector structures. This mixing param-
eter can be determined from the ratio of the *P;-*Py and
38-'So splittings of charmonium. The fine-structure ra-
tios can then be calculated for nfi, s5, ¢, bb, and tt, where
n refers to the nonstrange quarks u and 4. Calculating
fine-structure ratios eliminates the introduction of the
quark-gluon coupling strength and any associated
phenomenological dependence on quarkonium mass.

The details of the covariant harmonic-oscillator formal-
ism can be found in Ref. 10. The calculation of R is
lengthy, but straightforward. The formula for R, where
now the squares of the meson masses are to be used in Eq.
(1), is

_2013/5—k) — (9/40+ 13k/40)x
5—k+(33/16+k/16)x

R ()

where k is the relative amount of scalar structure present,
and x =w/u’® with u =m,+M/2, m, being the quark
mass and M the unperturbed meson mass.

The parameter k is chosen by considering the experi-
mental ratio

(M2CP)) — M2CP)V/IMACS,) — M2('Sy)]

for charmonium, which is 0.9.!% The leading theoretical
term contributing to this ratio is (5—k)/4, which indi-
cates that k is roughly 1.5, the value taken for the follow-
ing analysis. The unperturbed meson mass M is obtained
from the spin-averaged experimental masses, whenever
possible. For example, the nit system (I =1) has four P
states: A4,(1320), 4,(1270), §(980), and B (1235), corre-
sponding, respectively, to 3P, 3P, 3Po, and 'P,.'* In the
covariant-oscillator model, the square of the meson mass is
given as a sum of an unperturbed part M2 and a perturba-
tion M2?=aS,-S;+bL-S+cT, where T is the tensor
term. The four experimental masses can be used to elim-
inate a, b, and c, giving the experimental value M =1.261
GeV. The quark masses have their standard values for
constituent quarks. Values for the Regge slope parameter
o are taken from the analysis of Chang and Nelson,?! who
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TABLE I. Quarkonium systems and fine-structure ratios R.

System M (GeV) my (GeV) o (GeV?) x R Rexpt
ni (I =1) 1.261° 0.336° 1.11°¢ 1.188 0.22 0.20%
s5 (I =0) 1.314 0.520° 1.165° 0.844 0.30 0.29%
cc (I =0) 3.5 1.58 2.0° 0.189 0.53 0.48*
bb (I =0) 9.9f 5.08 5.82°¢ 0.0588 0.60 0.68"
tr (1 =0) ~0 0.63

?Particle Data Group, Ref. 14, using the squares of the nominal masses.
®From the standard proton-magnetic-moment analysis, see Ref. 9.

°From Chang and Nelson, Ref. 21.

9The average of the masses f'(1525), E (1420), and S*(975), which are taken to be the states >P,, 3P,

and 3Py, respectively.

°From the analysis found in Ref. 9, using, however, the squares of the hadron masses.

Experimental average of the triplet.
8The nominal value.

"From R. Nernst et al. (Crystal Ball), Phys. Rev. Lett. 54, 2195 (1985); H. Albrecht er al. (ARGUS),

Phys. Lett. 160B, 331 (1985).

use a relativistic-oscillator model to fit the empirical
Regge trajectories with a unified formula. The parameter
x is then determined, allowing for a numerical evaluation
of R.

The results for both light and heavy quarkonia are listed
in Table I. The overall comparison with experiment is
reasonably good. The lighter quarks have more internal

quark motion, which is reflected in a higher value for x.
The higher values for x result in lower values for R, as evi-
dent from Eq. (2) and Table I. The heavier-quark systems
undergo less internal motion (x relatively small), and
therefore have higher values for R. For extremely non-
relativistic quarks (x =0) the value for R reaches its max-
imum value.
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